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Symmetry

The composition of a temple is based on symmetry, whoseiglaac
architects should take the greatest care to master. Symmadirives

from proportion [...]. Proportion is the mutual calibratiof each ele-
ment of the work and of the whole, from which the proportiagatem

IS achieved. No temple can have any compositional systemoutit
symmetry and proportion [...]

Vitrubius De Architectura



Vitruvius exempli es this observance of proportions watnliluman body
where the proportions respected by nature, in the case otlafermed
human being"”, have the form of simple ratios between lengthbe

body as in \the face, from the chin to the top of the forehead |.
should be one-tenth [of the total height of the body]."

Vitruvian Man by Leonardo da Vinci



But no explanation is given of what symmetry is other tham tbser-
vance of certain proportions.

Leaving aside minor details the Vitruvian man exhibits wiatwill
call bilateral symmetry. If we trace an imaginary vertica through
the center of the image, the resulting halves are mirror esagf one
another.

A possibly stronger exhibition of symmetry is present atplags of
both the temples whose form made the substancBefArchitectura
and those which were built to follow its dicta.

Groundplan of the Temple of Diana at Ephesos



Motions of the plane: rotations

A rotation with centerO and angle moves any point on the plane to
the only point at the same distance @ and making an angle (say,
counterclockwise).



Once de ned on every point on the plane we can consider nsotbn
whole gures (on the plane). For instance, the footprint dve teft is
rotated 270 on the right.




Motions of the plane: re ections

A re ection with axis™ moves any poinP on the plane to the only
point P°whose distance tois the same aP's, which is di erent from

P (except wherP in '), and lies on the line perpendicular tgassing
throughP.



The re ection has changed the footprintientation




Motions of the plane: translations

A translationwith vectory moves any point on the plane, in the direction
of v, to the point at a distance the length af

/




Motions of the plane: glides

A glide with vectorv and axis (parallel tov) moves any poinP on
the plane to the poinP? obtained by rst re ectingP around™ and
then translating the point thus obtained with vectar



Gliding our footprint




A rst classi cation result

A motion of the plane Is a transformation of the plane that preserve
distances between points.

Theorem  Any motion of the plane Is either a rotation, a re ection,
a translation, or a glide.



The many symmetries of plane objects

How can motions (and their classi cation) help us to undamst sym-
metry?

(1) We can now precise what exactly is the symmetry in thauVigin
man or the Temple of Diana. Bilateral symmetry gets a forreaiitdon.

(2) Extensions of this de nition naturally yield other famf symme-
try.

(3) The classi cation of motions ultimately leads to a clasgion of
symmetries.



Bilateral symmetry: the straight-lined mirror

De nition 1  We say that a gure S has bilateral symmetry when
there exists a line” such thatrefl -(S) = S.

This is, the gure isinvariantunder a certain re ection.

For instance, the word

bod

has bilateral symmetry.
Whereas bilateral symmetry is pervasive both in natureraddarent
art forms, its presence is maybe best seen in architecture.

The following groundplans, elevations and sections of éoeuof build-
INngs give an idea.









Rotational symmetry

Invariance under a motion naturally induces forms of synynwtrer
than bilateral by considering motions other than re ectioin the case

of rotations we obtain rotational symmetry.

De nition 2  We say that a gure S hasrotational symmetry when
there exist a pointO and an angle such thatrot . (S) = S.



Rotational symmetry is also common in architecture. One s=n it
In domes, oors, fountains, and windows. The latter, beeaonifstheir
resemblance with roses, came to be known in the middle agesi®es

Design of rosettes in the Cathedrals of Strasbourg (left) anLyon (right).

Rotationally symmetric guresot having bilateral symmetry are called
whirls or vortices



Rotational symmetry is found in various contexts beyontitaaciure.
Occasionally, inspiration from architectural design ident.

The Dome of the Sheikh Lotf Allah Mosque in Isfahan, Iran, (f§ and a Tabriz carpet
with a dome design (right).



Central symmetry: the one-point mirror

A particular case of rotation is half-turn (angle of 180). In this
instance the imagP° of a pointP lies on the line determined B and
the centerO of the rotation and is oposed' 8. We can think of such
a rotation as the e ect of a mirror consisting of a single p.oin

A well-known centrally symmetric gure is the symbol regnéisag the
Yin-yang principle of Taoism. W.ith its absence of boundarezn-
tral symmetry provides a tting representation of the Yemyg principle
which postulates that \seemingly opposing forces are bdagdther,
Intertwined, and interdependent in the natural world, ggviise to each
other in turn."



Translational symmetry

De nition 3 We say that a gure S has translational symmetry
when there exists a vectow such that trans ,(S) = S.

How would a translational invariant gure look like? A sienpkample
IS the following:

\ A AAAAAAAAAAAAAAAANA

It endlessly repeats a motif by producing translational esomf it.
Strictly speaking therefore, we would be at pains to nd $slation-
ally symmetric gures in any form of art. Human creations enéive
limitation of niteness.

But in nity can be suggested in nite fragments of transtatally sym-
metric gures.



Examples of such fragments from ancient Egypt are depictenvb

Friezes at the Temple of HathorDenderah, Egypit.

As with rotational invariance, the nanfaeze used to denote these
translationally symmetric patterns is also provided bwitcture.



Glidal symmetry

The next de nition is the natural close to our family of bagtenmetries.

De nition 4  We say that a gure S hasglidal symmetrywhen there
exists a line” and vectorv parallel to ~ such that glide .., (S) = S.

Glidal symmetry is observable in the following Maori design

Maori Kowhaiwhali pattern in the Ngaru style,New Zealand.

Note that any gure with glidal symmetry must also have tifatnenal
symmetry.



Glidal symmetry is also present (with a vertical directiorihe Japanese
pattern shown below.

Seigaiha (waves from the blue ocean) patterdapan.

This pattern has two possible translations with di erentegtions. Fig-
ures having two translational symmetries |with non-pagltranslation
vectors| are called wallpapers Architectural glossary appears again,
this time through the humble activity of wall decoration.



A classi cation of friezes

Friezes repeat inde nitely a rectangle calledt cell or motif. For in-
stance, for the Maori pattern we can isolate a motif as falow

Possible symmetries in the motif induce symmetries in ibeaefrother
than the translational.
It is possible to prove that there are only 7 possible patteuctsires

for friezes.



These are the following:

p111 PPPPPPPPPPPPPPPPPPPPR

oim1l PPPPPPPPPPPPPPPPPPPP
bbbbbbbbbbbbbbbbbbbb

pm11 PApPqgpPpqpqagpapqpqgpqpqpq
plal pbpbpbpbpbpbpbpbpbpb
p112 pdpdpdpdpdpdpdpdpdpd
pma2 pgbdpgbdpgbdpgbdpqgbd

omm2  PAPAPAPgGpapgpapgpqpqpgpq
bdbdbdbdbdbdbdbdbdbdbdbd

These types of frieze occur Iin various forms of art accross &nd
cultures. An extensive collection of these occurrencededound in
The Grammar of Ornamermublished in 1856 by Owen Jones.



A classi cation of wallpapers

With considerably more e ort, mathematicians have provesimilar
classi cation for wallpapers nding in this case 17 typesnaflpaper
structure.

Islamic art, with its observance of the ban on the second cordmant,
has developped a large collection of motifs eventuallyzieglall the
wallpaper structures. For instance, it is possible to nduwences
of the 17 of them in the palace of La Alhambra, in Granada. Ye
another exhibit of symmetry is in the rugs and carpets songied to
the cultures in the middle east and central Asia. Many of tieedmbit

a frieze pattern in their border enclosing a wallpaper imterior.



Symmetries in the work of M.C. Escher

The work of the Dutch graphic artist Maurits Cornelis Esc{i&498{
1972) is a long love a air with symmetry.

It Includes neat examples of symmetry as the following (atat of
order 3).

Snakes woodcut, 1969



Or the following wallpapers.

Horsemen woodcut, 1946 (left) and Tessellation 85 ink and watercolor, 1952 (right)



But it also plays with symmetry as in the following \mutatingallpaper.

Sky and Water woodcut, 1938



This playfulness is masterfully displayed in the wooBayt and Night

Day and Night, woodcut, 1938



D. Hofstadter describes his rst viewing of this work asofed.

| saw white birds ying one way, black birds ying the other wathe
two ocks meshing perfectly together to |l up space. As my @
drifted downwards, | saw the bird-shapes distorting andnng into a
diamond-like grid of black and white elds. To the left of theelds,

| saw a peaceful village by a river, basking in bright surtligihile to

their right, | saw a mirror-image village by a mirror-imagear, calmed
by soft starlight.

| [...] was charmed by the idea of walking back and forth on thde
roads linking these two villages, thus easily sliding, ineren ve minutes,
between noon and midnight. [...] | wondered, \How could twocks
of birds y right through each other, without even the tiniest space? For
that matter, how could they even breathe, with no air betwedrem?
And how could three-dimensional birds, roughly half a mette length,
turn into two-dimensional elds, roughly 100 meters on a si! None
of this symmetric picture made any sense, but at some otheeleit
madeperfectsense.



Symmetry and Repetition

All forms of symmetry repeat a fraction of the gure (calfaddamental
regior) a number of times. There igpetitionin symmetry. But there

IS alsoorder The following arrangement of rectangles exhibits sixesopi
of the same rectangle.

But there is no symmetry on it, no law dictating how to obtaiwni one
of them the remaining ve.



A Veliled Mirror

Symmetry is rarely perfect.

Visual perception, however, conveys a sense of symmegy thedores-
ence of imperfections. Di erent forms of symmetry, in adif induce
di erent feelings in the observer (but this depends on aola# factors
such as the choice of fundamental region).

symmetry | feeling

bilateral balance, repose
rotational rotational movement
central compenetration, interdependence

translational| linear movement
glidal alternation




The Lake of Silvaplanaby F. Hodler



Piero della Francescalederigo da Montefeltroand his wife Battista Sforza



Osvaldo GuayasamnlLos amantes (The lovers)



Vindicating Decoration

The rst half of the 20th century saw a detachment from repréa-
tion in several art forms. This decrease In (representafjozontent
was compensated by an emphasis on other aspects: materdise,
colors, geometry,. ..

Andy Warhol, Campbell's Soup Cans1962, MoMA, New York



Eva HesseUntitled, 1967, Tate Gallery



An Amazing Kaleidoscope

Symphony in C by Georges Bizethoreographed by George Balanchine performed by the
San Francisco Ballet



The Alvin Ailey American Dance Theatre



The Alvin Ailey American Dance Theatre



China Disabled People's Performing Art Troupe



Suite en Blancof Serge Lifar performed by the Hong Kong Ballet



Muriel Ma re and Pierre-Frarcois Vilanova performing in tie ballet Concordiaby
Matthew Hindson, choreographed by Matjash Mrozewski



Parenthesis: Formal and Connotational Aspects in Art

Gombrich  Art Theorist Sense of Ordey Sense of Meaning
Lorand Analytic Philosopher Discursive OrdeAesthetic Order
Birkho Mathematician Formals Connotational Properties



The Strictures of Verse

WHEN | consider how my light is spent

Ere half my days, in this dark world and wide,

And that one talent which is death to hide

Lodged with me useless, though my soul more bent

To serve therewith my Maker, and present
My true account, lest He returning chide;
\Doth God exact day-labour, light denied?"
| fondly ask. But Patience, to prevent

That murmur, soon replies: \God doth not need
Either man's work, or His own gifts, who best
Bear His mild yoke, they serve Him best. His state

Is kingly; thousands at His bidding speed
And post o'er land and ocean without rest;

They also serve who only stand and wait."

Petrarchan sonnefABBA, ABBA, CDE, CDE)



lambic pentamete(5 pairs \unstressed{stressed" of syllables)



The Aural Wallpaper

The visual aspect of a score suggests considering it as a [gare.
Here, however, the two dimensions have a di erent naturéharvertical
axis we measunaitch and in the horizontal axisme.



The Symmetries of Motifs

Musical restrictions The only rotations that make sense are 180
The only re ections that make sense have horizontal orcadraxes.

If no translations (or glides) are considered there are ovdypossible
symmetry structures respecting the musical restrictions:

M1 no symmetries

Mh invariance undeR;

Mv  invariance under,

M2  Invariance underot 15
Mhv invariance undeR,, andR,.

HereR;,, andR, are re ections with horizontal and vertical axes respec
tively androt g9 IS a half-turn.



A motif (in music) is a small, but recurring, part in a composition.

They may exhibit all of the ve symmetry structures (evenuipo, ob-
viously, some are more rare than others). There is no neeghibie

motifs of typeM1. For the typeMh the work of Bela Barbk provides
several examples.

A bar from Bela Barbk's String Quartet No. 5

Or the following bars in a piece for piano where the left hdagspa
re ection of what the right hand is playing.

Bela Barbk's Mikrokosmos, No. 141, Subject and re ection



Mv

Musical O ering, Canon 1, J.S. Bach



M2

Duet for 2 violins Der Spiegel attributed to W.A. Mozart



We are nally left with the typeMhv. Wilfrid Hodges writes that \in-
teresting motifs of this type are extraordinarily rare.. . lt seems that
any composer regards this [symmetry structure] as too ¢oasse."

Nevertheless he gives an example of such a motif in a piarmsexey
George Kurtg.

Atkok for piano |, Hommagea Eotwves Reter , George Kurag



The Ubiquitous Seven

What symmetry structures occur in music if we now allow tediohs
(and glides)?

We can restrict attention to horizontal translations. Thispetition
occurs more frequently and is the easiest to be felt so byistemér.

Considering horizontal translations only brings us tadse One may
thus wonder which of the seven frieze structures occur incalusom-
position.

It probably comes as no surprise that all the seven, even ltheoige
are quite rarely found.



Examples of typell1ll(...FFFFF..) are commonly found. For In-
stance, the beginning of BeethoveM®onlight Sonata

First bars from Beethoven'sMoonlight Sonata



The score below is about half of the song of the curlew irCéi@logue
d'oiseauxBird's catalog) of Olivier Messiaen.

Olivier Messiaen'sCatalogue d'oiseaux, Le courlis cende



An example fopm11(...AAAAA...) is taken from the third symphony
of Jean Sibelius. Quoting Hodges, \that genius of orchéstragives
[...] an arch shape to his violins to play over an over agaimatW
makes this an interesting passage is that [...] he dividesitilins into
four groups and makes each group start its arches at a diterare.
The e ect Is a throbbing sound that repeats at a quarter of taegth
of the arch; the arch lasts four bars but the combined pattepeats
at each bar."

Jean Sibelius'sSymphony No. 3(last movement)



An example fopma2(... AVAVAV...) is taken from Claude Debussy's
Feux d'arti ce prelude.

Claude DebussyPreludes for piano Il, Feux d'arti ce



One may think that since friezes of typexm2(... HHHHHH. .)) are

the richest in terms of symmetries they are also the mostult ¢o be

found. The endless repetition of a single note, howevestitotes an

easlily recognizable instance of this pattern. The domgliebe Farbe
by Franz Schubert exhibits this repetition.

Franz Schubert,Die Schene Mdllerin, Die liebe Farbe



The three remaining structures are more rarely found. Asxample
for plal(...HHFH...) one may show a part dfhe rite of springon
which in the lower sta two bassoons alternately play thezke motif
the right way up and inverted.

Igor Stravinsky, The rite of spring (14 in score)



The same composition by Stravinsky provides an exampleliol
(...EEEEEE..)

Igor Stravinsky, The rite of spring (53 in score)



For the typepl12(... NNNNNN...) we return to Debussy, now to the
second movement dfa mer

Claude Debussyl.a mer (second movement, bar 72)



Ars longa, vita brevis

Mathematics: perspective
recursion
randomness
combinatorics

Humanities: aesthetics
perception

psychology



The Geometry of Canons

A canonis a form of imitative counterpoint where a voice (thiowe) Is
bound to imitate another (théeade). These imitations follow apparent
geometric rules (in most cases, motions).

Canon at the unison The follower sings the same melody as the
leader, delayed by a certain amount of tink&¥, row, row your boat
or Fere Jacquep

It Is Important to note that we draw the two voices at di ereng¢ights
for the sake of clarity (that Is, to avoid an overlap). Notscakhat
(leaving aside the fact that we have drawn the two voices atefit
heights) the second voice is, in geometric terms, a traoslaif the
rst (with a horizontal vector! ).



We have emphasized canons with two voices (the leader anfblthe
lower). Yet, other additional voices can sing as well, lsdalayed by

the same amount of time. This iIs common In the execution ofitloe
popular canons mentioned above.



Perpetual Canon  Canons that may be repeated inde nitely are
calledperpetual canon¢or roundg. They can be considered as a mu-
sical version of a frieze. The corresponding unit or motrf this case
the part of the canon played between two instants of time 1s¢pd by
the original delay between voices.

We remark that, just as a frieze in a building is limited incpca by
the dimensions of the building, the theoretical propertyaobund to
repeat inde nitely is limited in practice by a number of olog conditions
(including the patience of players and listeners!). We iadge that the
vector associated with the frieze is a multiple of the dedayor. In our
scheme above, for instance, the unit is repeated after ueb delays.



More sophisticated canons are obtained by allowing thewfell varia-
tions other than a mere delay in time (or, in geometric tenra)sfor-
mations other than a mere translation on thexis).

Canon at an Interval The follower begins on a pitch di erent from
the one on which the leader began. For instance, the leadanwith
C and the follower two notes higher (i.e., wii.

This also corresponds to a translation, but the translatrector can
now be decomposed as a sum of a vertical component (dispgatem
pitch) and a horizontal one (displacement in time).



Canon Contrario Motu The two voices evolve (leaving aside the
di erence in their starting times) by following the same aalt intervals
moving in opposite pitch directions. This correspondsdavihg aside
the translation on time) a re ection with respect to a homzal line.

Taking the horizontal translation into account the secomc® in a
canon in contrary motion is obtained by performing a glidéhenrst.



Retrograde Canons  The follower sings the leader's melody back
wards. This corresponds to a re ection with respect to aigaltline.

Usually, crab canons do not have horizontal translationati$, the

leader and follower begin simultaneously.

A crab canon has bilateral invariance. Yet, the symmetracaciter of
the crab canon can rarely be heard.



Spiral Canons In most (perpetual) canons the basic melody end
In the tonic of the key it is played in. This allows for the camo be
repeated without changing the key (neither its tonic nommsde).

In a spiral canorthe basic melody ends on a note other than the tonic
Therefore, at the time of this ending, it is momentarily irotoer key.
Which naturally a ects the melody in two ways: rstly, it damds to
be continued since there are unresolved tensions and,dgabforces
the canon subject, when it starts again, to do so on a noterdnéthan
the original starting one.



In such a canon, each of the voices would contribute to theefrath
a pattern like the following

The canon Is said to be @aodulating spiralor a tonal spira) if the
scale is changed in such a way that the mode is preservedéturilt

IS changed, and it is said to benabdal spiralf, in contrast, the tonic
IS preserved but not the mode.



The above list of canonical forms gives the basic ingredlidiat may
be used in the composition of canons. These basic ingrechemyt be
combined and some of these combinations even have nhames aivin
such as theéable canon a canon that is both retrograde and in contrary
motion (in geometric terms, a canon having a central symyhetits
name derives from the fact that a score with a single melaugcwas
put on a table and shared by two performers who, sitting orospg
sides of the table, read the same line in opposite directions



The Musical O ering of J.S. Bach

Canon 1l Retrograde

Canon 2 at the Unison

Canon 3 Contrario Motu

Canon 4 In augmentation and Contrario Motu
Canon 5 Modulating spiral

Canon 6 at an interval

Canon 7  Perpetual

Canon 8 Contrario Motu

Canon 9 Contrario Motu

Canon 10 a 4 and at intervals



